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Abstract
In this paper, we establish some theorems for the volume differences of compact domains,
which are extensions of the Brunn–Minkowski inequality, Minkowski inequality, and isoperimetric
inequality. Further, we give a generalizations of the matrix form of the Brunn–Minkowski inequality
and prove the Brunn–Minkowski inequality for quermassintegral differences of convex bodies.
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1. Introduction
The classical Brunn–Minkowski inequality states that if K and L are compact domains
in Rn, then
V (K +L)1/n  V (K)1/n + V (L)1/n. (1)
Here V denotes volume and + denotes vector or Minkowski sum; see Section 2 for notation
and definitions.
The Brunn–Minkowski inequality has in recent decades dramatically extended its
influence in many areas of mathematics. Various applications have surfaced, for example,
to probability and multivariate statistics, shapes of crystals, geometric tomography,
elliptic partial differential equations, and combinatorics; see [1,5,10,11,16]. Connections
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remarkable analogs have been established in other areas, such as potential theory and
algebraic geometry (see, for example, [3,4,6,9,13,14]). Reverse forms of the inequality
are important in the local theory of Banach spaces (see [16, p. 316]). An excellent survey
on this inequality is provided by Gardner [12].
In this paper, a new generalization of the Brunn–Minkowski inequality is presented.
Suppose that K , L, and D are compact domains in Rn and D′ is a homothetic copy of
D and D ⊂ K,D′ ⊂ L. We establish the following inequality:
(
V (K + L) − V (D + D′))1/n  (V (K) − V (D))1/n + (V (L) − V (D′))1/n. (2)
Applying this inequality, we will give the generalizations of the Minkowski inequality
and the isoperimetric inequality in Section 3. The general matrix form of the inequality (2)
is proved in Section 4. In the final section, we establish the Brunn–Minkowski inequality
for ith quermassintegral differences of convex bodies.
2. Definitions and preliminaries
As usual, Sn−1 denotes the unit sphere, B the unit ball in Rn. We write Vk for k-dimen-
sional Lebesgue measure in Rn, where 1  k  n, also generally write V instead of Vn.
We let κn = V (B) and ωn = Vn−1(Sn−1).
If A and B are two subsets of Rn, their vector sum or Minkowski sum is
A + B = {a + b: a ∈ A, b ∈ B}
and if r ∈ R, then
rA = {ra: a ∈ A}.
A convex body is a compact convex set with nonempty interior in Rn.
If K is a compact domain with piecewise C1 boundary ∂K , and L is a convex body
in Rn. The mixed volume of K and L, V (K,L), is defined by
V (K,L) = 1
n
∫
∂K
hL
(
ν(x)
)
dSK(x),
where hL(u) is the support function of L, dSK is the surface area element of ∂K , and ν(x)
is the exterior unit normal vector of ∂K at x .
Lemma 1. If K is a compact domain with piecewise C1 boundary ∂K , and L is a convex
body in Rn, then
V (K,L) = 1
n
lim
ε→0
V (K + εL) − V (K)
ε
.
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For two convex bodies K and L, an important inequality of mixed volume is the
Minkowski inequality
V (K,L)n  V (K)n−1V (L), (3)
with equality if and only if K and L are homothetic.
The inequality (3) was extended to compact domains (see [17]):
Lemma 2. If K is a compact domain with piecewise C1 boundary ∂K , and L is a convex
body in Rn, then
V (K,L)n  V (K)n−1V (L), (4)
with equality if and only if K and L are homothetic.
Taking L = B in Lemma 2, we can infer the classical isoperimetric inequality for
compact domains as follows.
If K is a compact domain with piecewise C1 boundary ∂K , S(K) denotes the surface
ares of K , then
S(K) nω1/nn V (K)(n−1)/n, (5)
with equality if and only if K is a ball.
Let 0 i  n. The mixed volume
V (K, . . . ,K B, . . . ,B︸ ︷︷ ︸
i
)
is denoted by Wi(K), and called the ith quermassintegral of a compact convex set K in
Rn. Then W0 = V (K), nW1 = S(K). It can be shown (see [16, p. 295]) that if K is a
convex body and 1 i  n − 1, then
Wi(K) = κn
κn−i
∫
G(n,n−i)
V (K|S)dS,
where dS denotes integration with respect to the usual rotation-invariant probability
measure on the Grassmannian G(n,n − i) of (n − i)-dimensional subspaces of Rn. Thus,
the quermassintegrals are averages of volumes of projections on subspaces.
Let K and D be two compact domains. If D ⊂ K , we can define the volume differences
function of K and D by
Dv(K,D) = V (K) − V (D). (6)
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Dv(K,D1)Dv(K,D2).
The following two classical inequalities will be useful in the preceding parts.
Let Sk denote the kth elementary symmetric polynomial of a sequence of positive real
numbers a = {a1, a2, . . . , an}, that is
Sk(a) =
∑
1i1<i2<···<ikn
ai1ai2 · · ·aik (1K  n).
Lemma 3 (Marclaurin’s inequality). For two series of positive real numbers a =
{a1, a2, . . . , an} and b = {b1, b2, . . . , bn}, then
Sk(a)
1/k + Sk(b)1/k  Sk(a + b)1/k, (7)
with equality if and only if a = νb where ν is a constant.
Lemma 4 (Bellman’s inequality). Let a = {a1, a2, . . . , an} and b = {b1, b2, . . . , bn} be
two series of positive real numbers and p > 1 such that ap1 −
∑n
i=2 a
p
i > 0 and b
p
1 −∑n
i=2 b
p
i > 0. Then
(
a
p
1 −
n∑
i=2
a
p
i
)1/p
+
(
b
p
1 −
n∑
i=2
b
p
i
)1/p

(
(a1 + b1)p −
n∑
i=2
(ai + bi)p
)1/p
, (8)
with equality if and only if a = νb where ν is a constant.
The proofs of Lemmas 3 and 4 can be found in [2].
3. Inequalities for volume differences
The Brunn–Minkowski inequality for volume differences of convex bodies, more
general than the inequality (2), is stated as follows.
Theorem 1. Suppose that K , L, and D are compact domains, and D ⊂ K , D′ ⊂ L, D′ is
a homothetic copy of D. Then
Dv1/n
(
(1 − λ)K + λL, (1 − λ)D + λD′) (1 − λ)Dv1/n(K,D) + λDv1/n(L,D′). (9)
The equality holds if and only if K and L are homothetic and (V (K),V (D)) =
µ(V (L),V (D′)), where µ is a constant.
G. Leng / Advances in Applied Mathematics 32 (2004) 615–624 619First proof. Let SuK denote the Steiner symmetral of K in the direction u ∈ Sn−1. Then
V (SuK) = V (K), and for two compact domains K and L, it can be shown that
Su(K + L) ⊃ SuK + SuL. (10)
One can also prove that there is a sequence of directions um ∈ Sn−1 such that if K is
any compact domain and Km = SumKm−1, then Km → rKB as m → ∞, where rK is the
constant such that V (K) = V (rKB). Repeated application of (10) now gives
V (K + L) V (rKB + rLB) = (rK + rL)nV (B). (11)
On the other hand, for D ⊂ K and D′ ⊂ L, there are two closed balls B1 and B2, with
radius r1 and r2, such that
V (D)=V (B1) = rn1 V (B) rnKV (B),
V
(
D′
)=V (B2) = rn2 V (B) rnLV (B). (12)
From (11) and (12) and applying the Bellman inequality (7), we have
(
V (K + L) − V (D + D′))1/n = (V (K + L) − V (B1 + B2))1/n

(
(rK + rL)n − (r1 + r2)n
)1/n
V (B)1/n

{(
rnK − rn1
)1/n + (rnL − rn2 )1/n}V (B)1/n
= (V (rKB) − V (B1))1/n + (V (rLB) − V (B2))1/n
= (V (K) − V (D1))1/n + (V (L) − V (D′))1/n. (13)
By the definition of the volume differences, replacing K and L by (1 −λ)K and λL, at the
same time replacing D and D′ by (1−λ)D and λD′ in (13), the inequality (9) follows. 
Second proof. Applying the Brunn–Minkowski inequality, we have
V 1/n(K + L) V 1/n(K) + V 1/n(L), (14)
V 1/n
(
D +D′)= V 1/n(D) + V 1/n(D′). (15)
From (14), (15), and the Bellman inequality, we obtain
(
V (K +L) − V (D + D′))1/n

((
V (K)1/n + V (L)1/n)n − (V (D)1/n + V (D′)1/n)n)1/n

(
V (K)− V (D))1/n + (V (L) − V (D′))1/n. (16)
From (6) and (16), the inequality (9) follows. 
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Corollary 1. Suppose that r(K) and r(L) are the inradii of compact domains K and L,
0 r1  r(K), 0 r2  r(L). Then
(
V (K + L) − (r1 + r2)nκn
)1/n  (V (K) − rn1 κn)1/n + (V (L) − rn2 κn)1/n. (17)
When r1 = r2 = 0, the equality if and only if K and L are homothetic; when r1 = 0 and
r2 = 0, the equality if and only if K and L are homothetic and r1/r2 = V (K)/V (L).
Remark. Taking D1 = D′ = ∅ in Theorem 1, we can obtain the Brunn–Minkowski
inequality. Hence, (9) is a generalization of the Brunn–Minkowski inequality. Besides,
we point out that the base of the first proof of Theorem 1 is Blaschke’s methods, while the
second proof found by referee.
Theorem 2. Suppose that K and D are compact domains, L is a convex body, and
D ⊂ K,D′ ⊂ L, D′ is a homothetic copy of D. Then
(
V (K,L) − V (D,D′))n Dv(K,D)n−1Dv(L,D′). (18)
The equality holds if and only if K and L are homothetic and (V (K),V (D)) =
µ(V (L),V (D′)), where µ is a constant.
From Theorem 2, we can obtain the following corollary.
Corollary 2. Suppose that K is a compact domain with piecewise C1 boundary ∂K , and
L is a convex body in Rn, let r(K) and r(L) be the inradii of K and L, respectively,
0 r1  r(K), 0 r2  r(L). Then
(
V (K,L) − r1r2κn
)n  (V (K) − rn1 κn)n−1(V (L) − rn2 κn). (19)
When r1 = r2 = 0, the equality if and only if K and L are homothetic; when r1 = 0 and
r2 = 0, the equality if and only if K and L are homothetic and r1/r2 = V (K)/V (L).
Proof of Theorem 2. For ε  0, consider the function
f (ε) = (V (K + εL) − V (D + εD′))1/n − (V (K) − V (D))1/n − ε(V (L) − V (D′))1/n.
From the inequality (2), the function f (ε) is non-negative and concave. By Lemma 1, we
have
lim
ε→0+
f (ε) − f (0)
ε
= (V (K) − V (D))(1−n)/n(V (K,L) − V (D,D′))
− (V (L) − V (D′))1/n  0.
Rearranging this inequality, we prove the inequality (18). 
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ity for volume differences, which is a generalization of the isoperimetric inequality (5).
Theorem 3. Suppose that K is a compact domain with piecewise C1 boundary ∂K , r(K)
is the inradius of K , 0 r  r(K), 0 λ 1. Then(
S(K) − rλωn
)n  nnωn(1 − λn)(V (K) − rnκn). (20)
The equality holds if K is a ball and λ = r.
Remark. Since the Sobolev inequality is equivalent to the isoperimetric inequality
for compact domains with C1 boundaries (see [12,15]), we conjecture that there is
a generalization of the Sobolev inequality corresponding to (20).
4. The matrix form of the Brunn–Minkowski inequality
Let A and B be two n× n positive definite symmetric matrix. Then the matrix forms of
Brunn–Minkowski inequality is (see [2])
|A +B|1/n  |A|1/n + |B|1/n, (21)
with equality if and only if A = cB (c  0). Here |C| denotes the determinant of the
matrix C.
We will establish a generalization of (21) whose form is analogous to (2).
Let |A|k denote the sum of all the k × k principal minors of A, Ik the k × k unit matrix,
also generally write |A| instead of |A|n and I instead of In.
Theorem 4. Let A and B be two n× n positive definite symmetric matrix, and let µ and ν
be two non-negative real numbers such that
|A|k > |µIk|, |B|k > |νIk|.
Then (|A + B|k − ∣∣(µ + ν)Ik∣∣)1/k  (|A|k − |µIk|)1/k + (|B|k − |νIk|)1/k, (22)
with equality if and only if µ−1A = ν−1B.
Letting k = n in Theorem 4 yields:
Corollary 3. If |A| > µn, |B| > νn. Then
(|A + B| − (µ + ν)n)1/n  (|A| − µn)1/n + (|B| − νn)1/n, (23)
with equality if and only if µ−1A = ν−1B.
622 G. Leng / Advances in Applied Mathematics 32 (2004) 615–624Proof of Theorem 4. Let λ1, λ2, . . . , λn be the eigenvalues of A, µ1,µ2, . . . ,µn the
eigenvalues of B . Then the eigenvalues of A + B are λ1 + µ1, λ2 + µ2, . . . , λn + µn.
Further, let Sk(λ1, . . . , λn) denote the kth elementary symmetric polynomial of the
eigenvalues λ1, λ2, . . . , λn. According to the fairly well-known fact
|A|k = Sk(λ1, . . . , λn),
it is easy to see that (22) holds if and only if
(
Sk(λ1 + µ1, . . . , λn +µn) − (µ + ν)k
)1/k  (Sk(λ1, . . . , λn) − µk)1/k
+ (Sk(µ1, . . . ,µn) − νk)1/k. (24)
Now we prove (24). Put
αk = Sk(λ1, . . . , λn) − µk, βk = Sk(µ1, . . . ,µn) − νk.
Then
αk +µk = Sk(λ1, . . . , λn), βk + νk = Sk(µ1, . . . ,µn).
Applying Minkowski inequality (discrete form), we have
(
(α + β)k + (µ + ν)k)1/k  (αk + µk)1/k + (βk + νk)1/k
= (Sk(λ1, . . . , λn))1/k + (Sk(µ1, . . . ,µn))1/k.
Using the Marclaurin inequality (7) to the right of the above inequality, we obtain
(
(α + β)k + (µ + ν)k)1/k  (Sk(λ1 +µ1, . . . , λn + µn))1/k,
this implies that
(α + β)k  Sk(λ1 + µ1, . . . , λn + µn) − (µ + ν)k.
It follows that
α + β  (Sk(λ1 + µ1, . . . , λn + µn) − (µ + ν)k)1/k,
which is just the inequality (24). 
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Let K and L be convex bodies in Rn and let 0  i  n − 1. The Brunn–Minkowski
inequality for quermassintegrals is the following inequality (see [12]):
Wi(K +L)1/(n−i) Wi(K)1/(n−i) + Wi(L)1/(n−i), (25)
with equality for 0 i  n − 1 if and only if K and L are homothetic.
In this section, we will establish a inequality for ith quermassintegral difference of
convex bodies, which is a generalization of the inequality (25).
Let K and D be convex bodies in Rn. If D ⊂ K , we define the i-quermassintegral
difference function of K and D by
Dwi(K,D) = Wi(K) − Wi(D) (0 i  n − 1). (26)
Theorem 5. Let K,L, and D be convex bodies in Rn, D ⊂ K , D′ is a homothetic copy
of D. Then
Dw
1/(n−i)
i
(
K + L,D + D′)Dw1/(n−i)i (K,D) + Dw1/(n−i)i (L,D′), (27)
with equality for 0  i < n − 1 if and only if K and L are homothetic and (Wi(K),
Wi(D)) = µ(Wi(L),Wi(D′)) where µ is a constant.
Proof. Applying the inequality (25), we have
Wi(K +L)1/(n−i) Wi(K)1/(n−i) + Wi(L)1/(n−i), (28)
Wi
(
D + D′)1/(n−i) = Wi(D)1/(n−i) + Wi(D′)1/(n−i). (29)
From (28), (29), and the Bellman inequality, we obtain
(
Wi(K + L) − Wi
(
D +D′))1/(n−i)

((
W
1/(n−i)
i (K) +W 1/(n−i)i (L)
)(n−i) − (W 1/(n−i)i (D) + W 1/(n−i)i (D′))(n−i))1/(n−i)

(
Wi(K) − Wi(D)
)1/(n−i) + (Wi(L) − Wi(D′))1/(n−i). (30)
From (26) and (30), the inequality (27) follows. 
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